Background: The Density-constraint Time-dependent Hartree-Fock method is currently the tool of choice to predict fusion cross-sections. However, it does not include pairing correlations, which have been found recently to play an important role.
I. INTRODUCTION
The effect of superfluidity on the fusion reaction is not completely understood. Recently, a strong effect of the pairing gauge angle has been found using the Timedependent Hartree-Fock-Bogoliubov theory [1] [2] [3] [4] [5] . It was found from those dynamical models that when both the target and the projectile are superfluid, their fusion is easier when the gauge angles of the initial nuclei are aligned and more difficult when the gauge angles are opposite. It is expected that it will increase the fluctuations of the fusion barrier. To reveal empirically this effect, a systematic analysis of the barrier distribution obtained experimentally has been done in Ref. [6] . An enhancement of the barrier height of about 1 MeV for superfluid systems was reported. To understand and to better describe theoretically the effect of superfluidity it would be useful to have access to the Nucleus-Nucleus potential accompanied by pairing.
The Density-constraint Time-dependent Hartree-Fock (DC-TDHF) method [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] determines the NucleusNucleus potential from a single Time-dependent HartreeFock trajectory. This potential takes into account implicitly all dynamical effects during the crossing of the barrier and then can be directly used by a coupled-channel code to predict the fusion cross-section. This approach was succesful in reproducing the fusion cross section without any adjusted parameter. Nevertheless, this approach is limited to reactions where pairing does not play a role.
In addition to the direct effect of the gauge angle, the pairing correlation can impact the shape and the deformability of the fragments which can then affect the * gscamps@ulb.ac.jp † hashimoto.yukio.gb@u.tsukuba.ac.jp fusion potential. Then to study and to predict the experimental fusion cross-section of superfluid systems it is required to develop an approach beyond the DC-TDHF method. Continuing the long term goal of including pairing in all the dynamical mean-field approaches [24] [25] [26] [27] [28] [29] [30] , the objective of the present article is to generalize the DC-TDHF method to include the Bogoliubov formalism of pairing treatment. The paper is organized as follows. In Sec II, we present the DC-TDHF method and apply it for the first time with a Gogny interaction to the fusion reactions 16 
II. METHOD WITHOUT PAIRING
The DC-TDHF method consists of two procedures: First, a TDHF evolution is calculated at an energy above the barrier. Second, a minimization of the energy is performed with the constraint over the density distribution in the real space.
In the second step, it is necessary to minimize the energy with a sum of Lagrange constraints,
This leads to solving the usual HF equation with an adjusted potential,
This equation is solved iteratively, with a full diagonalization of the Hamiltonian. The Lagrange parameters are readjusted as
The value of a = -0.5 MeV and d 0 = 0.5 fm −3 have been used. The iterative process is accelerated using the modified Broyden's method [31, 32] . [1, 33, 34] in a simplified form of a TDHF version. In our calculations, we used the Gogny D1S effective interaction and a hybrid basis of two-dimensional harmonic oscillator eigenfunctions and one-dimensional spatial grid points or mesh. The reaction axis (z-axis) is described in a lattice space of mesh parameter ∆z = 0.91 fm with N z = 23 points for the HF initialization of the fragments and N z = 46 for the dynamics of the two nuclei in head-on collision reactions. The x-y plane space is described by harmonic oscillator eigenfunctions restricted to n x + n y ≤ N shell . This parameter N shell varies in our calculation depending on the size of the fragments and the convergence of the results with respect to this parameter is carefully checked in the present contribution. The harmonic oscillator parameter ω has been adjusted to minimize the energy of the initial fragments for each system and choice of N shell . The time-dependent equations are solved with the Runge-Kutta method in the fourth order with a timestep ∆t = 0.4 fm c −1 . A few changes have been done in order to accelerate the TDHFB code: i) global optimization of the code, ii) inclusion of a cut-off in the range of the Gaussian interaction, and iii) use of the finite difference method at the eighth order instead of the Lagrange basis. As a consequence, the numerical cost of a TDHFB calculation has been reduced to 24 hours using 32 CPUs for a 44 Ca+ 44 Ca reaction with N shell = 6. While the calculations are done on the hybrid basis, the constraints are applied on the diagonal part of the density in the position basis. In that aim, at each iteration, the local density is computed as
with x i and x j corresponding to the Gauss-Hermite integration points and φ * n (x) the harmonic-oscillator wavefunctions. λ(r) is then computed in that basis before the inverse transformation is applied to transfer it back on the hybrid basis In order to ensure the convergence of the Hartree-Fock solver with density-constraint, the occupation number of the states has been kept constant even in the case of level-crossing at the fermi-energy. To that aim, we used the maximum overlap criteria [35] . After each diagonalisation of the Hartree-Fock Hamiltonian, the values of the overlap between the new wave functions |ϕ . Finally,the Nucleus-Nucleus potential is obtained as
where R is the distance between the fragments, E DC (R) is the density constraint energy, and E 1,2 are the ground state energies of each fragment. A test of the method is shown on Fig. 1 . We see a good agreement between the initial density obtained after the TDHF evolution and the one obtained after constraints. The minimal energy obtained after the convergence of the DC-TDHF calculation subtracted by the ground state energy at an infinite distance gives the NucleusNucleus potential (See Figs. 2 and 3) . In these figures, we test the convergence of the potential with respect to the number of shells used in the hybrid basis. In all cases, at large distances the potential correspond well to the point-Coulomb potential showing that our DC-TDHF calculation is able to correctly cancel the collective currents. For the system 16 O+ 16 O, the potential is already well described with N shell = 2 and no difference is seen between the results with N shell = 4 and 5. It is also remarkable in this system that the TDHF threshold energy, the center of mass energy for which the system passes the barrier, corresponds well to the top of the DC-TDHF potential. The position of the barrier R b is determined for TDHF as the distance R for which the relative impulsion is minimal. This position also matches also well with the top of the density constrained potential.
The potential for this reaction is also shown as a function of the center of mass energy in Fig. 4 . The potential is unchanged with a 1.5 MeV variation of the energy above the barrier.
The same numerical test has been done for the 40 Ca+ 40 Ca system in Fig. 3 . For that reaction, the results are well converged with N shell = 4. Nevertheless, an important difference from the 16 O+ 16 O case is the dependence of the potential on the energy (see Fig.5 ). This dependence is due to the excitation to low energy collective modes [20] in particular the low energy octupole mode [36] . This effect adds complexity in the interpretation of the results as we will discuss in the next section. 
B. Coupled-Channel calculations
The program CCFULL [37] is used to compute the fusion cross-section from the Nucleus-Nucleus potential obtained by eq. (5). This potential is modified to take into account the change of the collective mass that is computed as [10] 
whereṘ is the relative velocity determined by the TDHF calculation. The coordinate transformation of the potential is obtained from [38] 
where µ is the reduce mass. The result of this calculation is shown on Fig. 4 for the 16 
O+
16 O reaction. The calculation reproduces very well the experimental data and the results are independent of the center of mass energy in the TDHF simulation. This reaction was already well described via the DC-TDHF method using the Skyrme SLY4 funtional [17] .
The situation is a bit different in Fig. 5 for the case of 40 Ca+ 40 Ca. The fusion cross-section depends on the TDHF center-of-mass energy. To solve that issue, it was proposed to take into account an energy-dependent potential [20] . This method works well at energies well above the barrier but underestimates the cross-section at energies below the barrier (around E c.m. = 50 MeV). We expect that this small discrepancy is due to the calculation of the mass by eq. (6) which neglect the internal [39] excitation. It would be interesting to compare, in future, applications with the prescription of [22] . This first part of the article showed that the Gogny-TDHFB code using the D1S interaction is able to solve the DC-TDHF equation and to reproduce well the experimental fusion cross-section. We can now include the effect of pairing in the calculation.
III. HOW TO INCLUDE PAIRING
A first attempt to treat the pairing in the DC-TDHF method was proposed in Ref. [21] . The method used the BCS approximation only to determine the initial density of one of the fragment. Then the dynamical calculation was a pure TDHF calculation. Although this treatment already improved the calculation, in the present contri- bution we are interrested in gauge angle effects which can only be treated with the TDHFB theory, beyond the simple treatment of Ref. [21] . It is then necessary to develop a coherent new method, the DC-TDHFB theory.
The inclusion of pairing is an approximate way to treat the two-body correlation. Then, following the idea of the DC-TDHF method, we apply an additional constraint on the diagonal part of the two-body density matrix,
where ρ
0 (r, r , t) is the TDHFB diagonal part of the density at time t. The two-body density matrix within the HFB formalism is written as
The diagonal part can then be written as
Then constraining the diagonal part of the two-body density matrix is equivalent to constraining the norm of all the matrix elements ρ r1r2 and κ r1r2 .
Because it is not possible in practice to constrain all those matrix elements in realistic calculations, we use the following prescription. In the present DC-TDHFB calculation, we apply a constraint on the diagonal element of the one-body density ρ(r, r) and one on the norm of all the matrix elements κ ij where i and j are the labels of the hybrid basis i <=> {n x , n y , z}. Therefore, the following minimization is done:
This prescription ensures that after the minimization i) the local density is the same as that of the TDHFB state ii) the pairing energy is essentially conserved, iii) the minimization has enough degrees-of-freedom to remove all of the currents, and iv) in the case of no pairing the DC-TDHF equation is found.
In practice the adjustment for λ(r) is done with eq. (3) and λ
with b adjusted to ensure a fast convergence in each case with a typical value on the order of b 10a. The HFB equation under density constraint becomes
where λ is the chemical potential adjusted to conserve the total number of neutrons and protons. Note that this constraint is optional because the constraint of the density already insures the good total number of particles. Nevertheless, it is kept in order to accelerate the convergence of the calculation. In a similar way as the method without pairing, the iterative process is also accelerated by using the modified Broyden's method.
A.
O+ O reaction
A first test is done for a reaction between light ions. An additional complexity arising with the treatment of superfluidity is the dependence with the relative initial gauge angle. Just as in the case of two deformed nuclei where the relative orientation of the two nuclei changes the height of the barrier on the DC-TDHF calculations [10] , we expect that the potential will be affected by the gauge angles [1] .
The system is initially set up with the method of Ref.
[1] at a relative gauge angle ϕ i.e. a transformation is done on the left initial fragment
This definition of ϕ differs from the one of Ref. [2] by a factor of 2. In this study, we restrain the range of variation of ϕ from 0 to π/2 since for a symmetric system, the results will be unchanged by a transformation ϕ → −ϕ and ϕ → π − ϕ. The potential obtained by our prescription for the DC-TDHFB equation is shown on Fig. 6 . The three potentials show a good behavior as a function of R: i) at large R the point-Coulomb potential is recovered ii) the position and height of the barrier are very close to the TDHFB threshold barrier. The satisfaction of these two conditions confirms the relevance of our prescription (eq. (11)).
Fig. 6 has some similarities with Fig. 15 . of Ref.
[1] obtained with the frozen density method. The highest barrier is found for ϕ = π/2 and the lowest for ϕ = 0. Nevertheless, the ϕ = π/4 is well in the middle of the two curves with the frozen density method. In particular, the barrier height was found at 9.42, 9.6 and 9.79 MeV respectively for ϕ = 0, π/4 and π/2. In the present approach, the ϕ = π/4 potential tends to get closer to the ϕ = 0 curve when R decreases. This decreases the difference of barrier height between ϕ = 0 and π/4. This effect can be understood as a dynamical effect absent from the frozen density calculation and corresponds well to the phase locking process describe in Ref. [4] . Indeed, we can expect that for a relative initial phase ϕ = π/4, when the two systems are in contact the phase of the two systems will tend to align and to get closer to the ϕ = 0 case. This effect does not appear for ϕ = π/2 for a reason of symmetry creating an unstable equilibrium. Indeed, the phases of the two nuclei cannot align to each other if they are exactly anti-parallel.
The convergence of the results with the size of the basis N shell is shown on Fig. 7 . A good approximation is obtained with N shell = 3 and there are no visible differences between the results with N shell = 4 and 5. In particular, the splitting of the barrier is very stable with respect to the basis size. The fusion cross-section is obtained with the same method as for the DC-TDHF. The result is shown in Fig. 8 for the two extreme cases ϕ = 0 and ϕ = π/2, showing the effect of the initial gauge angle. The two choices of angle modify by about one order of magnitude the fusion cross-section at energies lower than the barrier. Nevertheless, the gauge angle is not a parameter of the reaction that can be changed experimentally. Then it is necessary to restore the initial symmetry of the gauge angle using a Multi-configuration-TDHFB method [29, 41] but those options are beyond the scope of the present approach. Also, a study in a simplified model of collision between superfluid nuclei [42, 43] shows that the classical restoration of the symmetry can be a good approximation. In the present case, it consists in averaging the fusion cross-section with respect to the gauge angle
using a discretization with 8 points. The fusion cross section by using the averaged gauge angle barrier is shown in Fig. 8 and is close to the ϕ = 0 cross-section. This means that at low energies the component with the angle ϕ = 0 dominates in the calculation, because the barrier with this angle is lower than those with the other values of ϕ and the phase locking effect makes the ϕ = π/4 potential shift toward that with angle ϕ = 0. Ca. Because of this effect, the barrier height does not correspond to the fusion threshold which is found to be 51.63, 51.99 and 52.49 MeV respectively for ϕ = 0, ϕ = π/4 and ϕ = π/2.
In particular, the difference between the highest and lowest barrier is 0.5 MeV in the DC-TDHFB case and 0.87 MeV for the difference of threshold energy. This suggests that dynamical effects above the barrier tend to reduce the effect of the gauge angle.
IV. SUMMARY
In this article, we developed a new method to determine the Nucleus-Nucleus potential between superfluid systems. The method has been first applied to nonsuperfluid systems to test the Gogny-TDHFB code and the hybrid basis. Careful tests of the convergence with respect to the basis have been done in order to show the efficiency of the hybrid basis. Despite the fact that this basis restrains the calculation to head-on collisions, it is very useful to reduce the calculation time while keeping the results unaltered. The proposed DC-TDHFB method gives the expected splitting of the potential due to the relative gauge angle. Using that method, it has been shown that i) the phase locking process has an important effect on the NucleusNucleus potential, ii) the gauge angle modifies the fusion cross-section, and iii) dynamical effects above the barrier reduce the effect of the gauge angle.
It will be interesting in the futur, to use the DC-TDHFB method to investigate the fission [44] and quasifission [45, 46] processes where it can be useful to determine the potential on a dynamical trajectory.
